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D license.1. Introduction
If fðxÞ; gðyÞ > 0; 0 < R1
0
fpðxÞdx <1, and 0 < R1
0
gqðyÞ
dy <1, then the Hardy-Hilbert’s inequality may be written asZ 1
0
Z 1
0
fðxÞgðyÞ
xþy dxdy<
p
sin p
p
  Z 1
0
fpðxÞdx
 1
p
Z 1
0
gqðxÞdx
 1
q
;
ð1:1Þ
where the constant p
sinðppÞ
is the best possible [1].
Recently, many generalizations of (1.1) were given. Yang
et al. [2] obtained the following extension of (1.1) asZ 1
0
Z 1
0
fðxÞgðyÞ
ðxþ yÞk dxdy < B
k
p
;
k
q
  Z 1
0
xp1kfpðxÞdt
 1
p

Z 1
0
yq1kgqðyÞdt
 1
q
; ð1:2Þwhere k> 0 and the constant B k
p
; k
q
 
(the Beta function) is the
best possible. The following general inequality was given in [3]Z 1
0
Z 1
0
Kðx; yÞfðxÞgðyÞdxdy < kðpA2Þ
Z 1
0
xpqA11f pðxÞdx
 1
p

Z 1
0
ypqA21gqðxÞdx
 1
q
;
where kðpA2Þ ¼
R1
0
Kð1; tÞtpA2 is the best possible constant,
K(x, y)P 0 is a homogeneous function of degree kðk > 0Þ;
A1 2 1kq ; 1q
 
; A2 2 1kp ; 1p
 
and pA2 + qA1 = 2  k. In [4]
the following two new forms of (1.1) were proved:
For f, g> 0, f, g 2 L(0, 1), deﬁne FðxÞ ¼ R x
0
fðuÞdu and
GðxÞ ¼ R x
0
gðuÞdu, then for k> 0Z 1
0
Z 1
0
fðxÞgðyÞ
xþ yð Þk dxdy 6
k2
pq
B
k
q
;
k
p
  Z 1
0
xk1FpðxÞdx
 1
p

Z 1
0
yk1GqðyÞdy
 1
q
: ð1:3Þ
For k> n max(p, q), n= 0, 1, . . ., and assuming that f, g
satisfy the conditions of Lemma 2.1 (see Section 2.2), then:icense.
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0
Z 1
0
fðxÞgðyÞ
xþyð Þk dxdy6
C k
p
n
 
C k
q
n
 
CðkÞ

Z 1
0
xpðnþ1Þk1ðfðnÞðxÞÞpdx
 1
p

Z 1
0
yqðnþ1Þk1ðgðnÞðyÞÞqdy
 1
q
; ð1:4Þ
where the constant factors in both (1.3) and (1.4) are the best
possible.
Reﬁnements of some Hilbert-type inequalities by virtue of
various methods are obtained in [5–7]. A survey of some recent
results concerning Hilbert and Hilbert-type inequalities can be
found in [8].
In [9] Yang introduced the following half-discrete Hilbert’s
inequalityZ 1
0
fðxÞ
X1
n¼1
an
ðxþ nÞk dx < Bðk1; k2Þ
Z 1
0
xpð1k1Þ1fpðxÞdx
 1
p

X1
n¼1
nqð1k2Þ1aqn
 !1
q
; ð1:5Þ
here, k1, k2 > 0, k1 + k2 = k, 0 < k1 < 1, and the constant
B(k1, k2) is the best possible. In particular if we set
k1 ¼ kp ; k2 ¼ kq, we get from (1.5)Z 1
0
fðxÞ
X1
n¼1
an
ðxþ nÞk dx < B
k
p
;
k
q
  Z 1
0
xpk1fpðxÞdx
 1
p

X1
n¼1
nqk1aqn
 !1
q
: ð1:6Þ
For extensions and other half-discrete Hilbert’s inequalities see
for example [10,11].
If p> 1, f(x) > 0, and FðxÞ ¼ R x
0
fðtÞdt, then the famous
Hardy inequality [1] is given asZ 1
0
FðxÞ
x
 p
dx <
p
p 1
 p Z 1
0
fpðxÞdx; ð1:7Þ
the constant p
p1
 p
is the best possible. A weighted form of
(1.3) is given also by Hardy [1] asZ 1
0
xa
FðxÞ
x
 p
dx <
p
p 1 a
 p Z 1
0
xafpðxÞdx; ð1:8Þ
where a< p  1 and the constant p
p1a
 p
is the best possible.
Inequality (1.7) was discovered by Hardy while he was trying
to introduce a simple proof of Hilbert inequality. For more
information about inequalities (1.7), (1.8) and their history
and development, we refer the reader to the papers [12,13].
In this paper by estimating
R1
0
fðxÞP1n¼1 anðxþnÞk dx, we intro-
duce two new inequalities with a best constant factor, similar
to (1.3) and (1.4), the ﬁrst one contained in Theorem 3.1 gives
a relation between Hardy inequality and half-discrete Hilbert
inequality, the second inequality contained in Theorem 3.2
gives a differential form of half-discrete Hilbert inequality.
2. Preliminaries and Lemmas
Recall that the Gamma function C(h) and the Beta function
B(l, m) are deﬁned, respectively, byCðhÞ ¼
Z 1
0
th1etdt; h > 0;
Bðl; mÞ ¼
Z 1
0
tl1
ðtþ 1Þlþm dt; l; m > 0:
By the deﬁnition of the Gamma function, the following
equality holds
1
ðxþ yÞk ¼
1
CðkÞ
Z 1
0
tk1eðxþyÞtdt: ð2:1Þ
We will need the following three Lemmas (Lemmas 2.1 and
2.2 are given in [4]):
Lemma 2.1. Let r> 1; 1rþ 1s ¼ 1; u> 0; u 2 Lð0;1Þ; UðxÞ ¼R x
0 uðuÞdu, then for t, a> 0 we haveZ 1
0
etxuðxÞdx 6 t1raCðasþ 1Þ1s
Z 1
0
xaretxUrðxÞdx
 1
r
:
Lemma 2.2. Let r > 1; 1
r
þ 1
s
¼ 1; u > 0, the derivatives u0, u00,
. . ., u(k) exists and positive and u(k) 2 L(0, 1)(k = 0, 1, . . .)
(u(0):¼u), moreover, suppose that u(0) = u0(0) =   = u
(k1)(0) = 0, then for t, a> 0 we have
Z 1
0
etxuðxÞdx6 tk1saCðasþ1Þ1s
Z 1
0
xaretx uðkÞðxÞ 	rdx 1r :
Lemma 2.3. Let r > 1; 1
r
þ 1
s
¼ 1; an > 0, then for t> 0 and
0 6 b < 1
r
we have
X1
n¼1
entan < t
b1rCð1 brÞ1r
X1
n¼1
nbsentasn
( )1
s
:
Proof. Using Ho¨lder’s inequality, we get
X1
n¼1
entan ¼
X1
n¼1
nbe
nt
r

 
nbe
nt
s an

 
<
X1
n¼1
nbrent
 !1
r X1
n¼1
nbsentasn
 !1
s
<
Z 1
0
xbretxdx
 1
r X1
n¼1
nbsentasn
 !1
s
¼ tb1rCð1 brÞ1r
X1
n¼1
nbsentasn
( )1
s
: 3. Main results
In this section, we introduce the main two results in this paper.
Theorem 3.1 gives a new form of the half-discrete Hilbert
inequality (1.6) which is related to the famous Hardy inequal-
ity. In Theorem 3.2, we introduce another new form of the
half-discrete Hilbert inequality, namely a differential form
which is an extension of (1.6). Both of the obtained inequalities
are with a best constant factor.
256 L.E. AzarTheorem 3.1. Let p > 1; 1pþ 1q ¼ 1; k > 0; f; an > 0; f 2
Lð0;1Þ, deﬁne FðxÞ ¼ R x0 fðuÞdu. If R10 xk1FpðxÞdx <1
and
P1
n¼1n
qk1aqn <1, then
Z 1
0
fðxÞ
X1
n¼1
an
ðxþnÞk dx<C
Z 1
0
xk1FpðxÞdx
 1
p X1
n¼1
nqk1aqn
 !1
q
;
ð3:1Þ
where the constant C ¼ k
p
B k
q
; k
p
 
is the best possible. In particu-
lar for k= 1, p = q = 2Z 1
0
fðxÞ
X1
n¼1
an
xþ n dx <
p
2
Z 1
0
FðxÞ
x
 2
dx
 !1
2 X1
n¼1
a2n
 !1
2
:
Proof. By using (2.1) and applying Ho¨lder inequality, we have
I ¼
Z 1
0
fðxÞ
X1
n¼1
an
ðxþ nÞk dx
¼ 1
CðkÞ
Z 1
0
fðxÞ
X1
n¼1
an
Z 1
0
tk1eðxþnÞtdt
 
dx
¼ 1
CðkÞ
Z 1
0
t
k1
p
Z 1
0
extfðxÞdx
 
t
k1
q
X1
n¼1
entan
 !
dt
6 1
CðkÞ
Z 1
0
tk1
Z 1
0
extfðxÞdx
 p
dt
 1
p

Z 1
0
tk1
X1
n¼1
entan
 !q
dt
 !1
q
: ð3:2Þ
By Lemma 2.2 for r ¼ p; s ¼ q; a ¼ k
pq
and by Lemma 2.3 for
r ¼ p; s ¼ q; b ¼ qk
pq
, we obtain, respectively,Z 1
0
extfðxÞdx
 p
6 t1kqC k
p
þ 1
 p
q
Z 1
0
x
k
qetxFpðxÞdx
X1
n¼1
entan
 !q
< t
k
pC
k
q
 q
pX1
n¼1
n
qk
p entaqn:
Substituting these two inequalities in (3.2) we have
I <
C k
p
þ 1
 1
q
C k
q
 1
p
CðkÞ
Z 1
0
x
k
qFpðxÞ
Z 1
0
t
k
pextdt
 
dx
 1
p

X1
n¼1
n
qk
p aqn
Z 1
0
t
k
q1entdt
 
dy
 !1
q
:
Since
R1
0
t
k
pextdt ¼ xkp 1C k
p
þ 1
 
and
R1
0
t
k
q1entdt ¼
n
k
qC k
q
 
, we ﬁnd
I < C
Z 1
0
xk1FpðxÞdx
 1
p X1
n¼1
nqk1aqn
 !1
q
;
where the constant C ¼ C
k
pþ1ð ÞC kqð Þ
CðkÞ ¼ kp B kq ; kp
 
, here, we use the
following formulas for the gamma function: C(u+ 1) = uC(u)
and
C kpð ÞC kqð Þ
CðkÞ ¼ B kp ; kq
 
. Inequality (3.1) is proved. We need to
show that the constant factor k
p
B k
q
; k
p
 
in (3.1) is the bestpossible. To do that we deﬁne ~fðxÞ ¼ ke
p
x
ke
p 1 for xP
1ð0 < e < kÞ; ~fðxÞ ¼ 0 for x 2 (0, 1) and ean ¼ nkeq 1ðnP 1Þ.
Then, we get eFðxÞ ¼ xkep  1 for xP 1; eF (x) = 0 for
x 2 (0, 1). Suppose that k
p
B k
q
; k
p
 
is not the best possible, then
there exist 0 < K < k
p
B k
q
; k
p
 
such that
eI :¼ Z 1
0
~fðxÞ
X1
n¼1
ean
ðxþ nÞk dx
< K
Z 1
1
xk1 eFpðxÞdx 1p X1
n¼1
nqk1a
q
n
 !1
q
¼ K
Z 1
1
xk1 x
ke
p  1
 p
dx
 1
p X1
n¼1
ne1
 !1
q
< K
Z 1
1
xk1 x
ke
p
 p
dx
 1
p
1þ
Z 1
1
xe1dx
 1
q
¼ Kðeþ 1Þ
1
q
e
: ð3:3Þ
On the other hand, we have
eI¼ k e
p
Z 1
1
X1
n¼1
x
ke
p 1n
ke
q 1
ðxþnÞk dx
¼ k e
p
X1
n¼1
ne1
Z 1
1
n
u
ke
p 1
ðuþ1Þk du
¼ k e
p
X1
n¼1
ne1
Z 1
0
u
ke
p 1
ðuþ1Þk du
Z 1
n
0
u
ke
p 1
ðuþ1Þk du
( )
¼ k e
p
B
k e
q
;
k e
p
 X1
n¼1
ne1
X1
n¼1
ne1
Z 1
n
0
u
ke
p 1
ðuþ1Þk du
( )
>
k e
p
B
k e
q
;
k e
p
 Z 1
1
he1dh
X1
n¼1
ne1
Z 1
n
0
u
ke
p 1du
( )
>
k e
p
B ke
q
; ke
p
 
e

X1
n¼1
n
e
qkp1
>
k e
p
B ke
q
; ke
p
 
e
 1þ
Z 1
1
h
e
qkp1dh
 
¼ k e
p
B ke
q
; ke
p
 
e
Oð1Þ:
ð3:4Þ
Clearly, when eﬁ 0+ from (3.3) and (3.4) we obtain a con-
tradiction. Thus the proof of the theorem is completed. h
Theorem 3.2. If f; an > 0; p > 1;
1
p
þ 1
q
¼ 1; pk < k 6 q;
k ¼ 0; 1; . . ., and f satisﬁes the conditions of Lemma 2.2 such
that
R1
0
xpðkþ1Þk1fðkÞðxÞpdx <1 andP1n¼1nqk1aqn <1, then:
Z 1
0
fðxÞ
X1
n¼1
an
ðxþ nÞk dx < C
Z 1
0
xpðkþ1Þk1ðfðkÞðxÞÞpdx
 1
p

X1
n¼1
nqk1aqn
 !1
q
; ð3:5Þ
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k
pkð ÞC kqð Þ
CðkÞ is the best possible. In
particular for k ¼ 1; k ¼ 2; p ¼ 3
2
; q ¼ 3
Z 1
0
fðxÞ
X1
n¼1
an
ðxþ nÞ2 dx <
2pﬃﬃﬃ
3
p
Z 1
0
ðf0ðxÞÞ32dx
 2
3 X1
n¼1
a3n
 !1
3
:
Proof. Using (2.1) and applying Ho¨lder inequality as in
Theorem 3.1, we get
I ¼
Z 1
0
fðxÞ
X1
n¼1
an
ðxþ nÞk dx
6 1
CðkÞ
Z 1
0
tk1
Z 1
0
extfðxÞdx
 p
dt
 1
p

Z 1
0
tk1
X1
n¼1
entan
 !q
dt
 !1
q
: ð3:6Þ
By Lemma 2.2 for r ¼ p; s ¼ q; a ¼ kpðkþ1Þ
pq
and then by Lemma
2.3 for r ¼ p; s ¼ q; b ¼ qk
pq
we obtain respectively,
Z 1
0
extfðxÞdx
 p
6 tkkqC k
p
k
 p
q
Z 1
0
x
kpðkþ1Þ
q etxðfðkÞðxÞÞpdx
X1
n¼1
entan
 !q
< t
k
pC
k
q
 q
pX1
n¼1
n
qk
p entaqn:
Substituting these two inequalities in (3.6) we have
I 6 C
k
pkð Þ
1
qC kqð Þ
1
p
CðkÞ
R1
0
x
kpðkþ1Þ
q ðfðkÞðxÞÞp R1
0
t
k
pk1extdt
 
dx
 1
p

X1
n¼1
n
qk
p aqn
R1
0
t
k
q1entdt
 !1
q
;
¼ C
k
pkð ÞC kqð Þ
C kð Þ
R1
0
xpðkþ1Þk1 f kð ÞðxÞ 	pdx 	1p X1
n¼1
nqk1aqn
 !1
q
:
Inequality (3.5) is proved. Deﬁne ~fðxÞ ¼ x
ke
p 1
ke
p nð Þn ¼
C kep nð Þ
C kepð Þ x
ke
p 1
for xP 1(0 < e< k) and ~fðxÞ ¼ 0 for x 2 (0, 1), andean ¼ nkeq 1ðnP 1Þ where ðcÞr ¼ cðcþ 1Þ . . . ðcþ r 1Þ ¼ CðcþrÞCðcÞ
is the Pochhammer symbol. Therefore, we ﬁnd
~fðnÞðxÞ ¼ xkep n1 for x> 1. Suppose that C
k
pkð ÞC kqð Þ
CðkÞ is not the
best possible, then there exist 0 < K <
C kpkð ÞC kqð Þ
CðkÞ such that
eI :¼ Z 1
0
~fðxÞ
X1
n¼1
ean
ðxþ nÞk dx
< K
Z 1
1
xe1dx
 1
p X1
n¼1
ne1
 !1
q
< K
ðeþ 1Þ1q
e
ð3:7Þ
On the other hand, we haveeI¼C kep k
 
C ke
p
  X1
n¼1
n
ke
q 1
Z 1
1
x
ke
p 1
ðxþnÞk dx
¼
C ke
p
k
 
C ke
p
  X1
n¼1
ne1
Z 1
1
n
u
ke
p 1
ðuþ1Þk du
¼
C ke
p
k
 
C ke
p
  X1
n¼1
ne1
Z 1
0
u
ke
q 1
ðuþ1Þk du
X1
n¼1
ne1
Z 1
x
0
u
ke
q 1
ðuþ1Þk du
( )
>
C ke
p
k
 
C ke
p
  B keq ;kep
 
e
Oð1Þ
24 35:
ð3:8Þ
Let eﬁ 0+, then by (3.7) and (3.8) we have
KP
C k
p
 k
 
C k
p
  B k
q
;
k
p
 
¼
C k
p
 k
 
C k
q
 
CðkÞ :
The Theorem is proved. h
Remark 3.1. If we apply the weighted Hardy inequality (1.8)
to (3.1), we get inequality (1.6). Also if we put k= 0 in (3.5)
we obtain (1.6).Acknowledgement
The author would like to thank the referees for their valuable
comments which have improved the ﬁnal version of the paper.
References
[1] G.H. Hardy, J.E. Littlewood, G. Polya, Inequalities, Cambridge
Univ. Press, London, 1952.
[2] B. Yang, I. Brnetic´, M. Krnic´, J. Pecˇaric´, Generalization of
Hilbert and Hardy–Hilbert integral inequalities, Math. Inequal.
Appl. 8 (2) (2005) 259–272.
[3] M. Krnic´, J. Pecˇaric´, General Hilbert’s and Hardy’s inequalities,
Math. Inequal. Appl. 8 (2005) 29–52.
[4] L.E. Azar, Two new forms of Hilbert integral inequality, Math.
Inequal. Appl. (2013), in press.
[5] M. Krnic´, J. Pecˇaric´, Extension of Hilbert’s inequality, J. Math.
Anal. Appl. 324 (2006) 150–160.
[6] M. Krnic´, A reﬁned discrete Hilbert inequality via the Hermite–
Hadamard inequality, Comput.Math.Appl. 63 (2012) 1587–1596.
[7] G. Mingzhe, B. Yang, On the extended Hilbert’s inequality,
Proc. Am. Math. Soc. 126 (1998) 751–759.
[8] B. Yang, T.M. Rassias, On the way of weight coefﬁcients and
research for the Hilbert-type inequalities, Math. Inequal. Appl.
6 (2003) 625–658.
[9] B. Yang, A half-discrete Hilbert’s inequality, J. Guangdong
Univ. Edu. 31 (3) (2011) 1–7.
[10] B. Yang, Q. Chen, A half-discrete Hilbert-type inequality with a
homogeneous kernel and an extension, J. Inequal. Appl. 2011
(2011) 124.
[11] B. Yang, W. Cheung, On a half – discrete Mulholland – type
inequality, Math. Inequal. Appl. 16 (2013) 522–534.
[12] A. Kufner, L. Maligranda, L.-E. Persson, The prehistory of the
Hardy inequality, Am. Math. Monthly 113 (2006) 715–732.
[13] A. Kufner, L. Maligranda, L.E. Persson, The Hardy inequality –
about its history and some related results, Vydavatelsky´ servis,
Pilsen, 2007.
